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Abstract
We express three imprimitive character sums in terms of generalized Bernoulli num-
bers. These sums are generalizations of sums introduced and studied by Arakawa,
Berndt, Ibukiyama, Kaneko and Ramanujan in the context of modular forms and
theta function identities. As a corollary, we obtain a formula for cotangent power
sums considered by Apostol.
– Dedicated to Robert Sczech on the occasion of his retirement
1. Introduction
Let χ be a Dirichlet character modulo m, and h be any positive integer prime
to m. We put ζ = exp(2πi/m). Let τ(n, χ) denote the Gaussian sum τ(n, χ) =∑m−1
j=0 χ(j)ζ
jn. Let a, b be nonnegative integers. In this paper, we obtain formulas





(ζhj − 1)a(ζj − 1)b
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by generalized Bernoulli numbers. As a corollary, we obtain a formula for cotangent
power sums ca,0(1, χ) considered by Apostol [1]. In [15], we obtained formulas for
these sums in the case of primitive character χ. Here, we extend our results to treat
the imprimitive case.
1Support for this project was provided by a PSC-CUNY Award, jointly funded by The Profes-
sional Staff Congress and The City University of New York.
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As discussed in [15], the sums Ma,b(h, χ) and Sa,b(h, χ; e1, . . . , ea+b) are nat-
ural generalizations of sums introduced and studied by Berndt [6] and Arakawa-
Ibukiyama-Kaneko [3] in the context of the theory of modular forms. For examples,
we refer the interested reader to [2, 3, 8, 9, 10, 11, 12, 13, 14, 15, 17, 18, 19]. The
sum ca,b(h, χ) is a variation of trigonometric sums first investigated by Ramanu-
jan in connection to certain theta function identities. For examples, we refer the
interested reader to [4, 5, 7].
The layout of this paper is as follows. In Section 2, we introduce two kinds of gen-
eralized Bernoulli functions Bk,χ(x), Bk,χ(x) and derive some of their properties,
such as their finite sum representations and multiplication formulas. In Section
3, we express both Bk,χ(x), Bk,χ(x) by generalized Bernoulli numbers. In Sec-
tion 4, we express the sums Ma,b(h, χ), Sa,b(h, χ; e1, . . . , ea+b), ca,b(h, χ) in terms
of generalized Bernoulli functions Bk,χ(x). Since the Bk,χ(x) are expressible by
generalized Bernoulli numbers, so are the sums Ma,b(h, χ), Sa,b(h, χ; e1, . . . , ea+b),
and ca,b(h, χ). In Section 5, we give examples expressing the sums Ma,b(h, χ),
Sa,b(h, χ; e1, . . . , ea+b), and ca,b(h, χ) by generalized Bernoulli numbers.
2. The Generalized Bernoulli Functions Bk,χ(x), Bk,χ(x)
We now fix the notation. Let χ be a Dirichlet character modulo m, and h be any
positive integer prime to m. We put ζ = exp(2πi/m). We denote the conductor of










For integers r, s with s prime to m, we define the Gaussian sum






where s−1 is regarded as an element of Z/mZ such that ss−1 ≡ 1 (mod m), and j
runs over a complete residue system modulo m. We will write τ(χ) for τ(1, χ). We
also extend the definition of χ by multiplicativity by defining χ(r/s) = χ(rs−1).
For x ∈ Q with denominator prime to m, we define two types of generalized
Bernoulli functions Bk,χ(x), Bk,χ(x) by the generating functions
m−1∑
j=0
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Note that if χ is primitive, then Bk,χ(x) = τ(χ)Bk,χ(x), and if χ is trivial, then
Bk,χ(x), Bk,χ(x) both reduce to the ordinary Bernoulli polynomials Bk(x). These
















































We define the generalized Bernoulli numbers Bk,χ, Bk,χ by Bk,χ = Bk,χ(0) and
Bk,χ = Bk,χ(0).
Corresponding to the generalized Bernoulli functions Bk,χ(x), Bk,χ(x), we have
the periodic generalized Bernoulli functions Bk,χ(x), Bk,χ(x) given by Bk,χ(x) =
Bk,χ(x − [x]), Bk,χ(x) = Bk,χ(x − [x]), where [x] denotes the greatest integer not




























We state the multiplication formula for periodic Bernoulli functions which follows












As a natural generalization of Equation (2), we have the multiplication formula for
periodic generalized Bernoulli functions.
Lemma 2.1. Let χ,m be as above. Let n ∈ N with (n,m) = 1 and x ∈ Q with
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Proof. We only prove the case for Bk,χ as the case for Bk,χ can be proved similarly.










τ(l + nx, χ).









l + x+ mjn
m
¸
τ(l + x, χ).












Thus the assertion of the lemma follows by replacing j by m−1j, where mm−1 ≡
1 (mod n).
We note that when χ is trivial, Lemma 2.1 reduces to Equation (2).
3. The Evaluation of Bk,χ(x), Bk,χ(x)
We keep the notation used previously. In this section, we express the periodic
generalized Bernoulli functions Bk,χ(x), Bk,χ(x) by generalized Bernoulli numbers.
Let µ and φ denote the Möbius and Euler phi functions, respectively. We state
a useful result about Gaussian sums proved in [16].
Theorem 3.1 ([16]). Let χ,m,ψ, f, q, R be as above. Let the multiplicative function
g be defined by g(n) = µ((n, q))φ((n, q))ψ(n). Then, we have{
τ(α, χ) = 0 if R ffl α,
τ(Rn, χ) = Rµ(q)ψ(q)τ(ψ)g(n) for n = 1, 2, . . . .
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The following theorem expresses Bk,χ(x) as a linear combination of periodic gen-
eralized Bernoulli functions Bk,ψ(x).














where c0 denotes an integer such that Rc0 ≡ c (mod h).
























Writing j = dq+ e where d and e run over complete residue systems modulo f and
























For any integer u with u | h, denote by hu the u-primary part of h, that is, the
maximum integer which divides h and is prime to u. For any natural number n, we
denote by Y (n) the set of primitive Dirichlet characters modulo n. The next the-
orem expresses generalized Bernoulli functions Bk,χ(c/h) by generalized Bernoulli
numbers. This was proved in [13] and is a generalization of Ibukiyama’s Theorem
2 in [9].
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In view of the above two theorems, it follows that we can also express Bk,χ(c/h)
by generalized Bernoulli numbers.
4. The Evaluation of Ma,b(h, χ), Sa,b(h, χ; e1, . . . , ea+b), and ca,b(h, χ)
We remind the reader of the notation. Let χ be a Dirichlet character modulo m,
and h be any positive integer prime to m. Let a, b be nonnegative integers. We
assume that m > 1 and a + b ≥ 1 to exclude the trivial cases. Without a loss
of generality, we further assume that a ≥ 1. In this section, we express the sums
Ma,b(h, χ), Sa,b(h, χ; e1, . . . , ea+b) and ca,b(h, χ) by periodic generalized Bernoulli
functions Bk,χ(x). These are generalizations of Theorems 3.3, 4.1, 5.1 in [15],
respectively, so we omit the proofs.










the Stirling numbers of






the number of permutations of n letters (elements of the symmetric group of degree






number of ways to divide a set of n elements into k nonempty sets.










































b− 1 + c− hk
b− 1
˙
if b ≥ 1.
Theorem 4.2. Let χ,m, h, a, b be as above. We have




















Remark. In the case where ej = 1 for j = 1, . . . , a+ b, we get Sa,b(h, χ; 1, . . . , 1) =
ma+bMa,b(h, χ).
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Theorem 4.3. Let χ,m, h, a, b be as above. We have















Since the sums Ma,b(h, χ), Sa,b(h, χ; e1, . . . , ea+b), and ca,b(h, χ) can be expressed
by periodic generalized Bernoulli functions Bk,χ(x), and Bk,χ(x) are expressible by
generalized Bernoulli numbers by virtue of Theorems 3.2 and 3.3, so are the sums
Ma,b(h, χ), Sa,b(h, χ; e1, . . . , ea+b), and ca,b(h, χ). As a corollary, we obtain a for-
mula for cotangent power sums considered by Apostol [1], Berndt [6] and others.






























iaφ(m) if χ is principal
0 otherwise
.
Proof. By Theorem 4.3, we have













φ(m) if χ is principal
0 otherwise
,













Plugging these values into the expression for ca,0(1, χ) given above and interchanging
the order of summation, we get the assertion of the corollary.
5. Examples
We keep the notation used previously. In this section, we give examples expressing
Ma,b(h, χ), Sa,b(h, χ; e1, . . . , ea+b), and ca,b(h, χ) by generalized Bernoulli numbers.
For examples where χ is a primitive character, see [15]. We note the following useful






INTEGERS: 21 (2021) 8
We consider the case where χ is a Dirichlet character modulo m = f ·3n for some
positive integer n with (f, 3) = 1. Note that χ is necessarily imprimitive.
Proposition 5.1. Let χ,m,ψ, f, q, R, a be as above. Suppose f > 1 with (f, 12) = 1
and m = f · 3n for some positive integer n. Let δ be the unique primitive character
modulo 4. We have




(ζ4j − 1)(ζj − 1)
= τ(ψ)
{
(ψ(3)− 3)(ψ(4) + 1)R
2
B1,ψ + (−1)









(ii) S1,1(4, χ; 1, 1) =
m−1∑
j,k=1
τ(4j + k, χ)jk
= m2τ(ψ)
{
(ψ(3)− 3)(ψ(4) + 1)R
2
B1,ψ + (−1)




























































Proof. By Theorem 4.1 together with the help of Equation (3), we have













Since m = f · 3n with (f, 3) = 1, we have q = 3 and R = 3n−1. By Theorem 3.2,
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noting that R−1 ≡ R (mod 4) and c0 ≡ (−1)n−1c (mod 4), we get





































































φ(d)dj−1 and δ3 be the unique primitive character modulo 3. By




































Bj,ψ + δ3(c)(1 + 2
j−1ψ(2))Bj,δ3ψ
+ δ(c)(1 + 3j−1ψ(3))Bj,δψ
}
.
Plugging these values into the expressions for Bj,χ(c/4) (0 ≤ c ≤ 3), then those
values into the expression for M1,1(4, χ) given above, we obtain the assertion (i).
By Theorem 4.2, we have
S1,1(4, χ; 1, 1) = m
2M1,1(4, χ).
Thus the assertion (ii) follows from (i).
From Theorem 4.3, we have
c1,1(4, χ) = −2{M1,0(4, χ) +M0,1(4, χ) + 2M1,1(4, χ)}.
By Theorem 4.1, we get
M1,0(4, χ) = χ(4)B1,χ = −χ(4)(ψ(3)− 3)τ(ψ)RB1,ψ,
M0,1(4, χ) = χ(4)M1,0(4, χ) = −(ψ(3)− 3)τ(ψ)RB1,ψ.
Thus the assertion (iii) follows from (i).
Since Bk,χ = −τ(ψ)Rk(ψ(3)− 3k)Bk,ψ, the assertion (iv) follows from Corollary
4.4.
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